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Abstract 

We study a twisted generalization of Novikov superalgebras, called Hom-Novikov 
superalgebras. It is shown that two classes of Hom-Novikov superalgebras can be 
constructed from Hom-supercommutative algebras together with derivations and 
Hom-Novikov superalgebras with Rota-Baxter operators, respectively. We show 
that quadratic Hom-Novikov superalgebras are Horn-associative superalgebras and 
the sub-adjacent Horn-Lie superalgebras of Hom-Novikov superalgebras are 2-step 
nilpotent. Moreover, we develop the 1-parameter formal deformation theory of 
Hom-Novikov superalgebras. 
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II 


1 Introduction 


Novikov algebras were introduced in connection with Hamiltonian operators in the 
formal variational calculus and the Poisson brackets of hydrodynamic-type. They were 
used to construct the Virasoro-type Lie algebras. When Gel’fand and Dorfman studied 
the following operator: 


they gave the dehnition of Novikov algebras. In 1987, Zel’manov ^ began to study 
Novikov algebras and proved that the dimension of hnite-dimensional simple Novikov 
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algebras over a field of characteristic zero is one. In algebras, what are paid attention 
to by mathematician are classifications and structures, but so far we haven’t got the 
systematic theory for general Novikov algebras. In 1992, Osborn ESIEI] finished the 
classification of infinite simple Novikov algebras with nilpotent elements over a field of 
characteristic zero and finite simple Novikov algebras with nilpotent elements over a field 
of characteristic p > 0. In 1995, Xu ESHSl] developed his theory and got the classification 
of simple Novikov algebras over an algebraically closed field of characteristic zero. Bai 
and Meng GHi] did a series of researches on low dimensional Novikov algebras, such as the 
structure and classification. Chen construct two kinds of Novikov algebras El^. Recently, 
people obtained some properties in Novikov superalgebras IHIISIEQ] 

To be more precise, recall that a left-symmetric superalgebra is a Z 2 -graded vector 
space A together with a binary operation p : A x A —)■ A satisfying 

{xy)z - x{yz) = {-l)\^\\y\{yx)z - y{xz)), (1.1) 

for X G A\x\) y £ A|y|, z G A|^|, |a;|, \y\, \z\ G Z 2 . Here and in what follows we often write 
/j,(x, y) = xy. In the other words, if (x, p, z) = {xy)z — x{yz) denotes the associator, then 
jmi shows that {x, y, z) is supersymmetric with respect to two left variables x and y, 
hence named left-symmetric superalgebra. A Novikov superalgebra is a left-symmetric 
superalgebra A that satisfies the additional property 

{xy)z = forx e A,y e A\y\,z G A|^|. (1.2) 

A quadratic Novikov superalgebra, introduced in [19] , is a Novikov superalgebra with 
a symmetric nondegenerate even invariant bilinear form. The motivation for studying 
quadratic Novikov superalgebras comes from the fact that Lie or associative algebras with 
symmetric nondegenerate even invariant bilinear forms have important applications in 
several areas of mathematics and physics, such as the structure theory of finite-dimensional 
semi-simple Lie algebras, the theory of complete integrable Hamiltonian systems and the 
classification of statistical models over two-dimensional graphs. 

Yau in [26] introduced Hom-Novikov algebras, in which the two defining identities are 
twisted by a linear map. It turned out that Hom-Novikov algebras can be constructed from 
Novikov algebras, commutative Horn-associative algebras and Horn-Lie algebras along 
with some suitable linear maps. And Yuan and You in [27] introduced quadratic Hom- 
Novikov algebras. Later, Zhang, Hon and Bai in [28] defined a Hom-Novikov superalgebra 
as a twisted generalization of Novikov superalgebras. 

The deformation is a tool to study a mathematical object by deforming it into a family 
of the same kind of objects depending on a certain parameter. The deformation theory 
was introduced by Gerstenhaber for rings and algebras py Kubo and Taniguchi 

for Lie triple systems by Ma, Chen and Lin for Horn-Lie Yamaguti algebras and 
Horn-Lie triple systems by Bai and Meng for Novikov algebras They studied 1- 
parameter formal deformations and established the connection between the cohomology 
groups and infinitesimal deformations. 
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The purpose of this paper is to consider the realization and the 1-parameter formal de¬ 
formation theory of Hom-Novikov superalgebras based on some work in [Hll81l261l^ . The 
paper is organized as follows. Section 2 concerns the realization of Hom-Novikov super¬ 
algebras. It is shown that two classes of Hom-Novikov superalgebras can be constructed 
from Horn supercommutative algebras together with derivations and Hom-Novikov su¬ 
peralgebras with Rota-Baxter operators, respectively. In Section 3, we introduce the no¬ 
tion of quadratic Hom-Novikov superalgebras and the relationship between Hom-Novikov 
superalgebras and sub-adjacent Horn-Lie superalgebras. We also show quadratic Hom- 
Novikov superalgebras are Horn-associative superalgebras and the sub-adjacent Horn-Lie 
superalgebras of Hom-Novikov superalgebras are 2-step nilpotent. Section 4 is dedicated 
to the 1-parameter formal deformation theory of Hom-Novikov superalgebras. More¬ 
over, we dehne low orders coboundary operator and give low order cohomology groups 
of Hom-Novikov super algebras. We show that the cohomology group is suitable for this 
1-parameter formal deformation theory. 

Throughout this paper F denotes an arbitrary held. 


2 Hom-Novikov superalgebra 


Let {A, •) be an algebra over held F. A is said to be a superalgebra if the underlying 
vector space of A is Z 2 -graded (i.e., H = Hg © Hj, where Aq and Hj are vector subspaces 
of A) and Aa ■ Aj^ C A^+p, \fa,(3 G Z 2 . An element x G A is called homogeneous if 
X E AqU Ai. In this work, all elements are supposed to be homogeneous unless otherwise 
stated. For a homogeneous element x we shall use the standard notation |x| G Z 2 = {0,1} 
to indicate its degree. 

Definition 2.1. A multiplicative Horn-Lie superalgebra is a triple (A, [•,-]a,«) con¬ 
sisting of a 7>2-graded vector space L, an even bilinear map [•, •] : A x A —)■ A and an even 
algebraic morphism a : A —)■ A satisfying 


a{[x,y]) = [a{x),a{y)\, (2.1) 

[x,y] = ( 2 . 2 ) 

(-l)l"ll^l[«(x), [y,z\] + (-l)l^ll"l[a( 2 /), [©x]] + (-l)l^ll^l[a(z), [x^] = 0, (2.3) 

where x,y and z are homogeneous elements in A. Lie superalgebras are examples of Horn- 
Lie superalgebras in which a is the identity map. 

Definition 2.2. A Horn-associative superalgebra consists of a 1j2-graded vector space 
A, a linear self-map a and an even bilinear map p, : A x A ^ A, satisfying 

a{xy) = a{x)a{y) {multiplicativity) 


and 

for x,y,z E A. 


{xy)a{z) = a{x){yz) {Horn —associativity), 
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Definition 2.3. A Hom-Novikov superalgehra is a triple consisting of a Z 2 - 

graded vector space A, an even bilinear map p, ■. Ax A ^ A and an even homomorphism 
a \ A ^ A satisfying 

a{xy) = a{x)a{y), (2.4) 

{xy)a{z) - a{x){yz) = {-l)\^\\y\{yx)a{z) - a{y){xz)), (2.5) 

{xy)a{z) = {—l)'^'^'^'^^\xz)a{y). (2.6) 

We see that Novikov superalgebras are examples of Hom-Novikov superalgebras in 

which a is the identity map. For a Hom-Novikov superalgebra {A, p, a), we call p the Hom- 
Novikov product of A. Comparing with Definition 12.31 with fll.ip and fll.2p . if and only if 
fl2.4p and fl2.5p are satisfied, then we call (H, /r, a) a Hom-left-symmetric superalgebra. In 
particular, a Hom-Novikov superalgebra is a Hom-left-symmetric superalgebra that also 
satisfies 02.61) . 

Definition 2.4. Let {A,p,a) be a Hom-Novikov superalgebra, which is called 

(i) regular if a is an algebra automorphism; 

(ii) involutive if a is an involution, i.e., o? = id. 

Lemma 2.5. ^ Let {A,p,a) be a Hom-Novikov superalgebra and [■,■]: Ax A ^ A be 
a binary operation on A defined by 

[x,y] = xy — Wx,y & A. 

Then HLie{A) = [A, [•,•], a) is a Horn-Lie superalgebra with the same twisting map a, 
which is called the sub-adjacent Horn-Lie superalgebra of A. 

Zhang,Hou and Bai in [2S] gave a way to construct Hom-Novikov superalgebras, 
starting from a Novikov superalgebra and an algebra endomorphism. In the following, we 
provide a construction of Novikov superalgebras from Hom-Novikov superalgebras along 
with an algebra automorphism. 

Theorem 2.6. If {A, p,a) is an involutive Hom-Novikov superalgebra, then {A,a o p,a) 
is a Novikov superalgebra. 

Proof. For convenience, we write x * y = a{xy), for all x,y ^ A. Hence, it needs to 

show 

{x * y) * z — X * {y * z) = (—l)l'^ll^l((?/ *x)*z — y*{x* z)), (2.7) 

{x *y) * z = (—* z) *y, 

for all x,y,z ^ A. Since {A, p, a) is an involutive Hom-Novikov superalgebra, we have 
{x*y)*z = a{a{xy)z) = a‘^{xy)a{z) = {xy)a{z) = (—l)'^''^'(a; 2 :)a(|/) = 
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Furthermore, 


{x * y) * z — X * {y * z) =a{a{xy)z) — a{xa{yz)) 

= {xy)a{z) - a{x){yz) 

= {-l)\^\\y\{{yx)a{z) -a{y){xz)) 

= (—l)l'^ll^l((l/ *x)*z — y*{x* z)), 

which proves Equation fl2.7l) and the proposition. □ 

Theorem 2.7. If {A,fi,a) is a regular Hom-Novikov superalgebra, then (^4, [•,-jo,-! = 
° [■’ ■]) *'5 ® superalgehra, where [x,y] = xy — (—for x,y G A. In 
particular, if a is an involution, then [A, [•, •]« = a o [•, •]) is a Lie superalgehra. 

Proof. For any x,y,z G A, we have 
(_l)hlhl[a;^ [y,z]^-i]^-i 

= [-lfMa-\x[y,z]^-. - 
= {-lp\^\a-\xa-\yz - {-l)\y\\^\zy) - 

Similarly, we have 
(_l)Flhl[^, 

Then it follows from Equation fl2.5p that 

(_l)Flhl[a;, [z,x\o,-i]a-i + [a:,|/]„-i]„-i = 0. 

Clearly, [x,y] = —(— a:]. Since a~^ is an automorphism, we have [x,y]a-i = 
— (—x]„-i, which proves that {A, [•, -ja-i) is a Lie superalgehra. It follows imme¬ 
diately that {A, [•, •]„) is also a Lie superalgehra since a = a~^ when a is an involution. □ 

Theorem 2.8. Let (A,/u,a) be a Hom-Novikov superalgehra. Then {A, a o /r, a^) is a 
Hom-Novikov superalgebra. 

Proof. For convenience, we write x * y = a{xy), for all x,y E A. Hence, it needs to 

show 

{x*y) * a‘^{z) — a'^(x) * {y * z) = (—* a:) * a^(z) — a^(y) * (x * z)), ( 2 . 8 ) 

(x * y) * a^(z) = (—* z) * a^(y), 
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for all x,y,z & A. Since (A, /i, a) is a Hom-Novikov superalgebra, we have 


{x *y) * a‘^{z) = a‘^{{xy)a{z)) = {—l)'^'^'^'^^'^a^{{xz)a{y)) = (—* z) * a'^{y). 
Furthermore, 

{x * y) * a‘^{z) — a‘^{x) * {y * z) =a‘^{{xy)a{z) — a{x){yz)) 

=(—l)''^ll^l((j/ * x) * a'^{z) — a^{y) * {x* z)), 

which proves Equation 02.81) and the proposition. □ 

We now construct several classes of Hom-Novikov superalgebras. Yau in [2S] gave such 
construction of Hom-Novikov algebras, starts with an Horn-associative and commutative 
algebra (H, y) and an even derivation D : A ^ A. The new product 

x*y = y{x,D{y)) = xD{y), (2.9) 

for x,y ^ A makes {A, *) into a Hom-Novikov algebra. To generalize this construction, we 
dehne a Horn supercommutative algebra to be a Horn-associative superalgebra whose mul¬ 
tiplication is supercommutative. An even derivation on a Horn-associative superalgebra 
is dehned in the usual way. Then we have the following result. 

Theorem 2.9. Let {A,fi,a) be a Hom-supercommutative algebra and D ■. A ^ A be 
an even derivation such that Da = aD. Then {A,*, a) is a Hom-Novikov superalgebra, 
where * is defined as in 112.9\) . 

Proof. The multiplication of a with respect to * in fl2.9p follows from the multipli¬ 
cation of a with respect to y and the hypothesis Da = aD. Next we check 02.51) 

{x * y) * a{z) — a{x) * {y * z) 

= {xD{y))D{a{z)) - a{x)D{yD{z)) 

= {xD{y))a{D{z)) - a{x){D{y)D{z)) - a{x){yD‘^{z)) 

= -a{x){yD‘^{z)) 

= -{xy)a{D‘^{z)). 

The last two equalities follow from Hom-associativity. On the other hand, 

(—* a:) * a{z) — a{y) * (x * z)) 

= {-iy^^^y\{{yD{x))D{a{z)) - a{y)D{xD{z))) 

= (-l)\^\\y\{{yD{x))a{D{z)) - a{y){D{x)D{z)) - a{y){xD‘^{z))) 

= i-lp\y\{a{y){D{x)D{z)) - a{y){D{x)D{z)) - a{y){xD\z))) 

= —{—l)'^^'^'^y'^a{ii){xD‘^{z)) 

= -{-lp\y\{yx)a{D^{z)) 
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{xy)a{D‘^{z)). 


Futhermore, we have 

{x*y) * a{z) 


{xD{y))a{D{z)) = a{x){D{y)D{z)) 

{-iyy^^Mx){D{z)D{y)) 

(-l)\y\\^\(xD{z))a{D{y)) 

(—l)'^ll^l(a; * z) * a{y). 


Consequently, we prove the theorem. □ 

Theorem 2.10. Let {A, y) be an associative superalgebra whose multiplication is super- 
commutative, a : A ^ A be an even algebra morphism, and D ■. A ^ A be an even 
derivation such that Da = aD. Then {A, a) is a Hom-Novikov superalgebra, where 

X * y = a{xD{y)), \/x, y E A. 


Proof. First, we have 

a{x * y) = a o a{xD{y)) = a{a{x)D{a{y))) = a{x) * a{y). 

On one hand, we have 

{x *y) * a{z) — a{x) * {y * z) 

= a{xD{y)) * a{z) — a{x) * a{yD{z)) 

= a{{xD{y)) * z — X * {yD{z))) 

= a{a{{xD{y))D{z)) - a{xD{yD{z)))) 

= a\{xD{y))D{z) - xD{yD{z))) 

= a^{x{D{y)D{z)) - x{D{y)D{z)) - x{yD‘^{z))) 

= -a\x{yD\z))) 

= -a\{xy)D\z)). 

Similarly, we have 

* x) * a(z) — a{y) * {x * z)) 

= {—iy^^^y^a{{yD{x)) * z — y * {xD{z))) 

= {-iy^\\y^a\{yD{x))D{z) - yD{xD{z))) 

= {-iy^^^y^a‘^{y{D{x)D{z)) - y{D{x)D{z)) - y{xD‘^{z))) 
= -{-lp^y^a^{{yx)D^{z)) 

= -a\{xy)D\z)). 

Futhermore, we have 

{x*y)*a{z) = a{xD{y)) * a{z) = a^{{xD{y))D{z)) 
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= a\x{D{y)D{z))) 

= {-l)\y\\^\a^{{xD{z)D{y)) 

= * z) * a{y). 

Consequently, we prove the theorem. □ 

Definition 2.11. Let {A,*, a) be a Horn-superalgebra and let A G F. If a linear map 
P : A ^ A satisfies 

P{x) * P(y) = P{P{x) *y + X * P{y) \x *y), \/x, y ^ A, 

then P is ealled a Rota-Baxter operator of weight A and (A, *, a, P) is ealled a Rota-Baxter 
Hom-superalgebra of weight A. 

Theorem 2.12. Let {A,*,a,P) be a Rota-Baxter Hom-Novikov superalgebra of weight 
A and P an even linear map. Assume that a and P eommute. Then (A, o, a, P) is a 
Hom-Novikov superalgebra, where the multiplieation o is defined as 

X o y := P[x) *y + X * P{y) \x * y, \/x, y ^ A. 

Proof. The multiplication of a with respect to o follows from the multiplication of 
a with respect to * and the hypothesis Pa = aP. For any x,y,z ^ A, we have, 

(x o y) o a{z) — a{x) o {y o z) 

=P{P{x) *y -\- X * P{y) + Xx * y) * a{z) + {P{x) * y x * P{y) -\- Xx *y) * P{a{z)) 

+ X{P{x) *y X * P{y) Xx * y) * a{z) — P{a{x)) * {P{y) * z y * P{z) -\- Xy * z) 

— a{x) * P(P(y) * z y * P{z) -\- Xy * z) — AQ;(a;) * {P{y) * z -\- y * P{z) Xy * z) 

= {P{x) * P{y)) * a(z) + {P{x) * y) * a{P{z)) + (x * P{y)) * a{P{z)) + A(a; * y) * a{P{z)) 
+ X{P{x) * y) * a{z) + A(a; * P{y)) * a{z) + X‘^{x * y) * a{z) — a{P{x)) * {P{y) * z) 

— a{P{x)) * {y * P{z)) — Xa{P{x)) * {y * z) — a{x) * {P{y) * P{z)) — Xa{x) * {P{y) * z) 

— Xa{x) * {y * P{z)) — A^Q;(a;) * {y * z) 

= {P{x) * P{y)) * a{z)—a{P{x)) * {P{y) * z)-]-{P{x) * y) * a{P{z)) — a{P{x)) * {y * P{z)) 
+ (x * P{y)) * a{P{z)) — a{x) * {P{y) * P{z))-\-X{x *y) * a{P{z)) — Xa{x) * {y * P{z)) 

+ X{P{x) * y) * a{z) — Xa{P{x)) * {y * z) + X{x * P{y)) * a(z) — Xa{x) * {P{y) * z) 

+ X‘^{x * y) * a{z) — X^ai^x) * {y * z) 

= (—l)''^ll^l (^{P{y) * P{x)) * a{z) — a{P{y)) * {P{x) * z) -I {y * P{x)) * a{P{z)) 

— a{y) * {P{x) * P{z))-\-{P{y) * x) * a{P{z)) — a{P{y)) * (x * P{z))-\-X{y * x) * a{P{z)) 

— Xa{y) * (x * P{z)) + X{y * P{x)) * a{z) — Xa{y) * {P{x) * z) X{P{y) * x) * a(z) 

— Xa{P{y)) * {x * z) -I ^^{y * x) * a{z) — X^a{y) * [x * z)). 



Similarly, we have 




o x) o a{z) — a{y) o [x o z 


)) 


=(— (^{P{y) * P{x)) * a{z) — a{P{y)) * {P{x) * z) + {P{y) * x) * a{P{z)) 

— a{P{y)) * (a: * P{z)) + {y * P{x)) * a{P{z))—a{y) * {P{x) * P{z)) + X{y * x) * a{P{z)) 

— Xa{y) * (x * P{z)) + X{P{y) * x) * a{z) — Xa{P{y)) * (x * z) + X{y * -P(x)) * a{z) 

— Xa{y) * (P(x) * z) + X‘^{y * x) * a{z) — X^a{y) * (x * z)). 


Furthermore, on the one hand, we have 
[x oy) o a{z) 

=P{P{x) *y -\- X * P{y) + Xx*y) * a{z) + (P(x) * y + x * P{y) + Xx*y) * P{a{z)) 

+ A(P(x) *y + X * P{y) + Xx * y) * a{z) 

= (P(x) * P{y)) * Q!( 2 ;) + (P(x) * y) * a{P{z)) + {x * P^y)) * q;(P( 2 )) + A(x * y) * a{P{z)) 
+ A(P(x) * y) * a{z) + A(x * P{y)) * a{z) + A^(x * y) * a{z) 


= (—1)1^11^1 ^(P(x) * z) * a{P{y)) + {P{x) * P{z)) * a{y) + (x * P{z)) * a{P{y)) 



+ A(x * P{z)) * a{y) + A(P(x) * z) * a{y) + A(x * z) * a{P{y)) + A^(x * z) * a 
On the other hand, we have 



= ^(P(x) * P{z)) * a{y) + (P(x) * z) * a{P{y)) + (x * P{z)) * a{P{y)) 


+ A(x * z) * a{P{y)) + A(P(x) * z) * a{y) + A(x * P{z)) * a{y) + A^(x * z) * a 



Hence, the conclusion holds. 


□ 


3 Quadratic Hom-Novikov superalgebras 

Definition 3.1. A be a Hom-Lie superalgebra. A bilinear form B on A is 


(i) supersymmetric if B{x,y) = (—x), Vx, y G A; 

(ii) nondegenerate if x,y G A satisfies B{x,y) = 0, Vy G A, then x = 0; 
(hi) invariant z/P([x, y], ; 2 ) = P(x, [y,z\), \/x,y,z G A; 

(iv) even ifB{Ao,Ai) = B{Ai,Ao) = {0}. 
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Definition 3.2. CS] ^ quadratic Hom-Lie superalgebra is a quadruple (A, [•, •], a, B) such 
that (A, [•, •],«) is a Hom-Lie superalgebra with an even, supersymmetric, non-degenerate 
and invariant bilinear form B on A satisfying 

B{a{x),y) = B{x, a{y)), Vx, y E A. (3.1) 

We recover quadratic Lie superalgebras when a = id. 

Definition 3.3. A quadratic Hom-Novikov superalgebra is a quadruple {A, yi,a, B) such 
that {A, pL, a) is a Hom-Novikov superalgebra with an even, supersymmetric, non-degenerate 
bilinear form B on A satisfying 

B{a{x),yz) = B{xy,a{z)), \/x,y,zEA. (3.2) 

We recover quadratic Novikov superalgebras when a = id. 

Theorem 3.4. Let {A, pi, a, B) be a quadratic Hom-Novikov superalgebra and HLie{A) = 
{A, [•,•], a) the sub-adjacent Hom-Lie superalgebra of A. If a is an automorphism satis¬ 
fying 

B{a{x),y) = B{x, a{y)), Mx, y E A, (3.3) 

then {A, [•, ■],a,Ba) is a quadratic Hom-Lie superalgebra, where Ba{x,y) = B{a{x),y). 

Proof. Since i? is a nondegenerate even bilinear form and a is an automorphism, 
Ba is a nondegenerate even bilinear form on A. For all x,y,z E A, using the properties 
of 5, we have 

Ba{[x,y],z) =B{a{[x,y]),z) = B{[x,y],a{z)) 

=B{xy,a{z)) — {—iy^^^'^^B{yx,a{z)) 

=B{a{x),yz) - (-I)l"ll^l(-l)l"ll2'l+l2'll"ls(a(a;), ; 2 |/) 

=B{a{x), [y, z]) = Ba{x, [y, z]). 

Hence Ba is invariant. Using supersymmetry of B and Equation fl3.3lh we have 

B^{x,y) = B{a{x),y) = {-lp\y^B{y,a{x)) = {-lp^y\B{a{y),x) = {-lp^y\B^{y,x), 

which proves B^ is supersymmetry. Using Equation fl3.3p again, we have 

B^{a{x),y) = B{a{a{x)),y) = B{a{x),a{y)) = B^{x,a{y)), 

which completes the proof. □ 

Corollary 3.5. Let {A,pL,B) be a quadratic Novikov superalgebra with an automor¬ 
phism satisfying Equation H3.tA) and (A, [•, •]) be the sub-adjacent Lie superalgebra. Then 
(A, [•,-]q, = ao [■,■], a, Ba) forms a quadratic Hom-Lie superalgebra, where Ba{x,y) = 
B{a{x),y). 
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Proof. It is obvious that {A, [•, ■]a,<y) is a Horn-Lie superalgebra. Using the similar 
arguments as those in the proof of Theorem 13.41 we get Ba is an even symmetric non¬ 
degenerate bilinear form with Equation 03.1 jl satished. It remains to show that Ba is 
invariant. For all x,y,z E A, using invariance and supersymmetry of B, we have 

Bai[x,y]a,z) =B{a{[x,y]a),z) = B{[x,y]a, a{z)) 

=B{a{x)a{y), a{z)) — {—l)'^^'^'^'^'^B{a{y)a{x),a{z)) 

=B{a{x),a{y)a{z)) - a(z)a(r/)) 

=B{a{x), [y, z\a) = Ba{x, [y, z\a), 

which proves the invariance of Ba and the result. □ 

Theorem 3.6. Let {A,y,a,B) be a quadratic Hom-Novikov superalgebra, where a is an 
involution satisfying Equation Then {A, ao y.,B) is a quadratic Novikov superalge¬ 

bra. 


Proof. {A, a o /i) is a Novikov superalgebra by Theorem 12.61 It suffices to show that 
B is invariant under the operation ao y,. For all x,y,z E A, we have 

B{x,a{y)a{z)) = B{a{x),yz) = B{xy,a{z)) = B{a{x)a{y), z), 

which completes the proof. □ 

Theorem 3.7. Let {A, y,a, B) is a quadratic Hom-Novikov superalgebra, where a is an 
automorphism satisfying Equation lid. d\) . Then {A,* = a o //, is a quadratic 

Hom-Novikov superalgebra, where Ba‘^{x,y) = B{a^{x),y). 

Proof. It follows from Theorem 12.81 that {A, forms a Hom-Novikov superalge¬ 
bra. Since H is a nondegenerate even bilinear form on A and a is an automorphism, Ba^ 
is a nondegenerate even bilinear form. For all x,y,z E A, using the hypothesis, we have 

Ba^{x,y) = B{a^{x),y) = B{x,a^{y)) = {-l)\^\\y\B{a^{y),x) = x), 

thus, Ba '2 is supersymmetric. Moreover, we have 

Ba 2 {a‘^{x),y * z) =B{a‘^{x), a{y)a{z)) = B{a^(x), a'^{y)a‘^{z)) = B{a{x)a{y), a'^(z)) 

= (—l)l'^ll^l’i'l^ll^li?(a4(2:), X *y) = Ba^fx * y, a^{z)), 

which proves the invariance of i?Q ,2 and the theorem. □ 

Corollary 3.8. Let {A, y,a, B) be a quadratic Hom-Novikov superalgebra, where a is an 
automorphism satisfying Equation lid.d\) . Then {A,a^ o p, is a quadratic Hom- 

Novikov superalgebra, where Ban{x,y) = B{a"'{x),y), Vn > 0. 
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Let {A,fi,a) be a Hom-Novikov superalgebra, whose center is denoted by Z{A) and 
defined by 

Z{A) = {a: e A\xy = yx = 0, 'iy E A}. 

Let (A, [•, •],/?) be a Horn-Lie superalgebra. The lower central series of A is defined as 
usual, i.e., = H, Vi > 1. We call A is i-step nilpotent if W = 0 and 

7 ^ 0. The center of the Horn-Lie superalgebra is denoted by C(A) and defined by 

C(A) = {x e A\[x,y] = 0, V?/ e A}. 

Theorem 3.9. Let {A, y,a, B) be a quadratic Hom-Novikov superalgebra. If a is an 
automorphism, then (H, y, a) is a Horn-associative superalgebra. 

Proof. Define {x, y, z) = a(x)yz — (xy)a(z). For any x, y,z,d & A, we have 

B{{x, y, z), a{d)) =B{a{x){yz), a{d)) — B{{xy)a{z), a{d)) 

=B{a‘^{x), {yz)d) — B{a{x)a{y), a{za~^{d))) 

=B{a‘^{x), {yz)d) — B{a‘^{x), a{y){za~^{d))) 

= - B{a‘^{x), {y,z,a~^{d))). 

Thus, we have 

B{{x, y, z), a{d)) = - B{a‘^{x), {y, z, a~\d))) 

= (_l)i+lfi(LI+hl+VI)+Mhl5((^^ a-\d))), a^x)) 

= (^_lp{\y\Mz\+\d\)+\yMB(a‘^(z), {y, a-\d),x)) 
=(_l)hl(LI+hl+MI)+Mhl+hl(LI+MI+N)5^(^^ a-\d),x), a^(z)) 
=(_l)hl(LI+hl+MI)+Mhl+hl(LI+MI+N)+LIMl5((ct-i(^)^ 
_('_]_^i+fil(LI+hl+VI)+hlhl+hl(l?/l+MI+fi|)-i-|?/||(i| pg(^Q,(^d), (y, x, z)) 

= B{{x, y, z), a{d)) 

= - B{{x,y,z),a{d)). 

It follows that {x, y,z) = 0 by the non-degeneracy of B. □ 

Theorem 3.10. Let {A, fi,a, B) be a quadratic Hom-Novikov superalgebra and HLie{A) 
be the sub-adjacent Horn-Lie superalgebra. If a is an automorphism, then [x,y] C Z{A), 
for any x,y E HLie{A). As a consequence, HLie{A) is 2-step nilpotent. 

Proof. For any x,y,z E A, by Theorem 13.91 we have 

a{z)[x,y] =a{z){xy) — {—Vf^'''''^''a{z){yx) = {zx)a{y) — {—Vf^'''''^\zy)a{x) 

= {zx)a{y) - {zx)a{y) = 0. 

Using Equation 03.21) . we have 

B{[x,y]z,a{d)) =B{a[x,y], zd) = (—Q!([a;, y])) 
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= (_l)(kl+MI)(N+M)5(a(2),ci[x,2/]) = 0 , 

which implies [x,y\ G Z{A) since a is an automorphism and B is nondegenerate. Hence, 
we have [HLie{A)^ HLie{A)] C Z[A). Obviously, Z{A) C C{HLie{A)). Then it follows 
that HLie{A) is 2-step nilpotent. □ 

Remark 3.11. A 2-step nilpotent quadratic Horn-Lie superalgebra A admits a quadratic 
Horn-Novikov superalgebra. It suffices to define a bilinear product on A by xy = \ [x, y]. 

4 1-parameter formal deformations of Hom-Novikov 
superalgebras 

Definition 4.1. Let {A,*, a) is a Hom-Novikov superalgebra. If an n-linear map f : 
H X • — X H —)■ A satisfies 

n times 

a{f{xi, • • • , Xn)) = f{a{xi), • • • , a{xn)), (4.1) 

then f is called an n-Hom-cochain on A. Denote by C^(A,A) the set of all n-Hom- 
cochains, Vn > 1. 

Definition 4.2. Horn = 1,2, the coboundary operator : Cf;{A, A) —)■ H) is 

defined as follows. 

^homf ^2) ={-lffi^xi * /(xa) + f{xi) *X2- f{xi * X2); 

^homfi^u X2,X3) =f{a{xi),X2*X3) - (-1)(xa), * X 3 ) 

+ * xi, a{x 3 )) + * f{x2, X 3 ) 

— (—* f{xi, X3) -\- (—a;i) * 0 ( 0 : 3 ) 

- (-l)'"^"""'"'/(xi * X3, a(xa)) - (-l)l"'"ll^®l/(xi, X3) * a{x2). 

It is not difficult to verify that ^homf satisfies fl4.ip . Thus, the coboundary 

operator is well-defined. 

Theorem 4.3. The coboundary operator 5 ^ 0 ^, defined above satisfies d\^5\om — 0- 
Proof. Suppose that / e C^(A,A), we have 

^hom^homf (^ 1 ; ^ 2 ) X 3 ) 

=dlomf{<^{xi),X 2 * X 3 ) - (-l)l^ill^2l5;(„^/(a(xa), xi * X 3 ) 

+ (-l)''''"''''<5^om/(a^2 * Xi, a(x3)) + (-l)l^ill'^la(xi) * 5l^f{x2, X 3 ) 

- (-l)l"^""^l+l"^"^lo(xa) *5 L^/(xi,X 3) + (-l)l"^ll"^l<5L^/(xa,xi) *a(x3) 

- (-l)''''"''''<^Lm/(a^i * X3, a{x2)) - (- 1 )I^ 2 II^"I( 5 L^/(xi, X 3 ) * a(xa) 
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= (_l)kill/lQ,(a;i) * f{x2 * X3) + f{a{xi)) * {X2 * X3) - f{a{xi) * {x2 * X3)) 

— * f{xi * X 3 ) — (—iy^^^^^^^f{a{x2)) * {xi * 0 : 3 ) 

+ (-l)l"ill"2l/(a(a;2) * (xi * X3)) + (-l)l-ill-2l+(l-il+l-2|)|/|(3.2 ^ ^ /(a(x3) 

+ * a;i) * a{x3) - * xi) * 0 ( 0 : 3 )) 

+ * {x2 * f{x3)) + (-l)l'^^ll-^lQ;(a;i) * {f{x2) * 0 : 3 ) 

— (—l)l*^ll'^la(a:i) * f{x2 * 0 : 3 ) — (—l)l*ill'^ 2 |+(| 2 ^i|+|a; 2 |)|/|Q,('^^^ ^ ^ fix^)) 

— (—l)l*ill'^2l+l'^2ll-^la(o:2) * {f{xi) * 0:3) + (—* f{xi * 0:3) 

+ ( —l)l'^lll*2| + |a:2||/|('^^ ^ f{xi)) * 0(0:3) + ( —l)''^^'''^^'(/(o:2) * o:i) * 0(0:3) 

_ (_l)l^l|l^2| ^ ^ _ (_ 1 )|X 2 ||X 3 | + (|X1| + |X 3 |)|/|^^^ ^ ^ f{a{X2)) 

_ (_l)l^2|k3| ^ ^ (^_l)k2||x3|y^^^^ ^ ^ 0(0:2)) 

— ( —l)l* 2 ||a; 3 | + |a:i||/|^^^ ^ f {X3)) * 0(0:2) — ( —1)' (/(o:i) * 0:3) * 0(0:2) 

+ (-l)''^^''"'^'/(o:i * X3) * 0(0:2) 


=/(o(o:i)) * (0:2 * 0:3) - (-1 )I"^iII^2|+|x2||/|q,^2,^) ^ {f{xi) * X3) (al) 

+ ( —l)l*lll*2| + |a:2||/|^2;2 * f{Xi)) * 0(0:3) (bl) 

- f{a{xi) * (0:2 * X3)) + (-1)1^111^21/(0(0:2) * (0:1 * 0:3)) (a2) 

- (-l)l"'ill*"'/((o:2 * 0:1) * 0(0:3)) (b2) 

- (-l)'''i'''^"'/(o(o:2)) * (xi * X3) + (-l)l"'ill^lo(xi) * (/(X2) * X3) (a3) 

+ (-l)'''^"'""'(/(x2) * xi) * o(x3) (b3) 

+ (_1)I-iII-2|+(|xi|+|x 2|)|/|(3.2 ^ ^ /(o(x3) + (-l)(l"i+"2|)|/|^(^^) ^ ^ (a4) 

_ (_l)l-l|l-2| + (kl| + |..2|)|/|^(3.2) ^ ^ (b 4 ) 

_ (_i)I^2||^3|+(|xi|+|x 3|)|/|^^^ ^ ^ /(o(x2) (a5) 

+ (-1)'^2|I^3| ^ ^ o(x2)) (a6) 

- ( —l)l*2||a;3|+|a;i||/|j'^^ ^ /(X3)) * o(x2) (a 7 ) 

- (-l)'''"''"'®'(/(xi) * X3) * o(x2). (a8) 


By 02.51) and 02.61) . we have 

Cl = (al) + (61) — (/(xi) * X 2 ) * o(x 3 ) = 0 

C2 = (a2) + (62) + /((xi * X 2 ) * o(x 3 )) = 0 

C3 = (a3) + (63) — (—l)l'i^ill'^l(xi * /(X 2 )) * o(x 3 ) = 0 

C4 = (a4) + (64) - (-l)(l^il+l^ 2 |)|/|( 2 .^ ^ ^ o(/(x 3 )) = 0 

C5 = (a5) — (—l)''i'i''-^'(xi * /(X 2 )) * o(x3) = 0 

C6 = (a6) — /((xi * X 2 ) * o(x 3 )) = 0 

C7 = (a7) + (—l)(l'^il+h 2 |)|/|('^^ ^ ^ a{f{x 3 )) = 0 

C8 = (a8) + (/(xi) * X 2 ) * o(x 3 ) = 0. 
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Thus, 


^hom^homfiXuX2,X3) 

= (al) + (61) + (a2) + (62) + (a3) + (63) + (a4) + (64) + (a5) + (a6) + (a7) + (a8) 

=C1 + C2 + CZ + CA + Ch + CQ + C7 + CS = Q. 

The proof is completed. □ 

For n = 1, 2, the map / G C^^A, A) is called an n-Hom-cocycle if ^homf = 0. We de¬ 
note by Z2{A, A) the subspace spanned by n-Hom-cocycles and B'^^A, A) = K-o^c--\a,a) 
Since ^f^om^hom — 0; ^aiA, A) is a subspace of Z^(A, A). Hence we can define a cohomol¬ 
ogy space H^{A,A) of {A,*, a) as the factor space Z‘^{A, A)/B‘^{A, A). 

Let {A,*, a) be a Hom-Novikov superalgebra and F[[t]] be the ring of formal power 
series over F. Suppose that H[[t]] is the set of formal power series over A. Then for an 
F-bilinear map / : H x H —)■ H, it is natural to extend it to be an F[[t]]-bilinear map 
/ : A[[t]] X H[[t]] ^ A[[t]] by 


\i>0 j>0 / i,j>0 

Definition 4.4. Let {A,*, a) be a Hom-Novikov superalgehra over F. A 1-parameter 
formal deformation of (H, a) is a formal power series gt : H[[f]] x H[[t]] —>■ A[[t]] of the 
form 

9t{x, y) = Y + ^2(a^, y)t^ H— , 

i>0 

where each Gi is an even F-bilinear map Gi ■. A x A ^ A {extended to be F[[f]]-6z/mear) 
and Go{x,y) = x *y, such that the following identities hold 


gt{a{x),a{y)) = ao g^{x,y), (4.2) 

gt{a{x),gt{y,z)) - gt{gt{x,y),a{z)) = {-iy^^^y^{gt{a{y), gt{x, z)) - gt{gt{y, x), a{z))}, 

(4.3) 

gt{gt{x, y), a{z)) = {-iyy^^^^gt{gt{x, z), a{y)). (4.4) 


Conditions called the deformation eguations of a Hom-Novikov superalge¬ 

bra. 


Note that H[[f]] is a module over F[[t]] and gt defines the bilinear multiplication on 
H[[t]] such that At = {A[[f\], gt, a) is a Hom-Novikov superalgebra. Now we investigate 
the deformation Equations 04.2^ - 04.41) . 

Conditions 04.2p - 04.4l) are equivalent to the following equations 

Gi{a{x),a{y)) = aoGi{x,y), (4.5) 
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respectively, for z = 0,1, 2, • • ■ . The conditions fl4.3p and fl4.4p can be expressed as 


^ (^Gi{a{x), Gj{y, z)) - Gi{Gj{x, y),a{z)) - Gj{x, z)) 

i,j>0 

+ {-lp'y'G,(Gj(y, x), a{z))) = 0. (4.6) 

(Gi(Gj(x,!,),a(2))-(-l)l''IWGi(Gj(x,2),a(!,))) =0. (4.7) 

ij>0 

For n = 0, this means A = Aq is a Hom-Novikov superalgebra. For n = 1, we obtain 
three equations for Gi\ 


Gi{a{x),a{y)) = aoGi{x,y), (4.8) 

Gi{a{x), y * z) — Gi{x * y, a{z)) — {—iy^^^'^^Gi{a{y),x * z) + {—iy^^^'^^Gi{y * x, a{z)) + 
a{x)*Gi{y,z)—Gi{x,y)*a{z)—{—iy^^^'^^a{y)*Gi{x,z)+{—iy^^^'^^Gi{y,x)*a{z) = 0, (4.9) 
(Gi(a; * z/, a{z))—{—l)'^^'^'^^'^Gi{x * z^ a{y))+Gi{x, y) * a{z)—{—l)'^'^'^'^^'^Gi{x, z) * a{y). 

(4.10) 


We call Gi an inhnitesimal deformation. 

Example 4.5. A family of Hom-Novikov superalgebras {A, a) is an infinitesimal de¬ 
formation the Hom-Novikov superalgebra defined by Eguation \2.9i) with a fixed derivation 
D, where is defined as 

x*^y = xD{y) + fxy, (4.11) 

for all x,y & A, f G F. For Eguation we let Gi{x,y) = xy, then Eguation \4.9\} 

holds since 


a{x){yD{z)) — {xD{y))a{z) — {—l^'^^a{y){xD{z)) + {—l^'^^{yD{x))a{z) 

+ a{x)D{yz) — {xy)D{a{z)) — {—l)''^'''''^''a{y){D{x)z) + {—iy^^^^^{yx)D{a{z)) = 0 


and Eguation l[4A0\ ) holds since 


{xD{y))a{z) — {—l)'^'^'^'^^\xD{z))a{y) + {xy)D{a{z)) + {—l)'^'^'^'^^\xz)D{a{y)) = 0. 


Obviously, it is easy to verify that Eguation holds. 


Hence, we have the following result. 

Theorem 4.6. Let {A,fi,a) be a Hom-supercommutative algebra and D : A ^ A be an 
even derivation such that Da = aD. Then {A,*^,a) is a Hom-Novikov superalgebra, 
where =t:^ is defined as 

x*^y = xD{y) + fxy, 

for all x,y e A, f e F. 
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For two F-bilinear maps f,g : A x A ^ A (extended to be F[[t]]-bilinear), define a 
map f o^g : A[[t]] X A[[t]] x A[[t]] A[[t]] by 

/ °a 9{x, y, z) =f{a{x),g{y, z)) - c/(a;, z)) + (-iy^''^'f(g(y, x), a(z)) 

-(-iy^''^'f(g(x,z),a(y)). 

Using Equations fl4.6p and fl4.7p . we have 

y~] Gi Oq, Gj = 0. 

i^j=n 


For n = 1, 


Gq Oa Gi + Gi Oq, Go — 0. 


For n > 2, 


(4.12) 


{Gq Gn + Gn Go) — Gi Oq, G„_i + G 2 Gn-2 + ' ' ' + Gn-l Gi- (4.13) 


By fl4.5p it follows that Gj G Gl^{A, A). It can also be verified that GjO„Gj G G^{A, A). 
In general, if /,S' G G^{A,A), then f Oa 9 ^ G^{A,A). Note that the definition of 
cobonndary operator, which implies ^homGn — Gq Gn + Gn °a Gq, for n — 0, 1, 2 • • • . 
Hence fl4.12p and fl4.13p can be rewritten as 

^lomGl = 0 , 

~^homGn = Gi Gn-l + ^2 °a Gn-2 + ' ' ' + Gn-l °a Gi- 

Then Gi is a 2-Horn-cocycle. 

Definition 4.7. Let {A,*, a) be a Hom-Novikov superalgebra. Suppose that gt{x,y) = 
i{x,y)f and g^{x,y) = J2i>oGi{x,y)f are two 1-parameter formal deformations of 
(H, *, a). They are called equivalent, denoted by gt ~ g'^, if there is a formal isomorphism 
of F[[t]]-modules 


Mx) = '^Mxy ■ {A[[A]^9t,a) —t {A[[t]],g[,a), 

i>0 

where each cfi : T ^ T is an F-linear map (extended to be F[[t]]-linear) and 0o = icIa? 
satisfying 


(ft z a = a o (ft, 

(ft o gtix, y) = g't{(t)t{x), (ft{y)). 

When Gi = G 2 = ■ ■ ■ = ^, gt = Gq is said to be the null deformation. A 1-parameter for¬ 
mal deformation gt is called trivial if gt ~ Go. A Hom-Novikov superalgebra (T, [•, •, •], a) 
is called analytically rigid, if every 1-parameter formal deformation gt is trivial. 
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Theorem 4.8. Letgt{x,y,z) = Y.i>oGi{x,y, z)f and g[{x,y, z) = E*>o 

equivalent 1-parameter formal deformations of {A,*, a). Then Gi and G[ belong to the 

same cohomology class in H'^{A,A). 


Proof. Suppose that = Ei>oformal F[[t]]-module isomorphism 

such that (ft o a = a o (p^ and 


E^- E Gj{x,y)P I f = Eg: E 


i>0 


d>0 


i>0 


,k>0 


l>0 


It follows that 


i+j=n i+k+l=n 


In particular, 


that is, 


Then Gi - G'^ 


^ 0i (Gj (x, y)) = ^ G' (0fc (x), (y)), 

i+j=l i+k+l=l 

Gi{x,y) + (j)i{x*y) = (j)i{x) * y + x * (j)i{y) + G[{x,y). 
= ^hom4>l ^ B‘^{A A- 


□ 


Theorem 4.9. Suppose that (A, *, a) is a Hom-Novikov superalgebra such that H^{A, A) 
= 0. Then (A,*, a) is analytically rigid. 


Proof. Let gt be a 1 -parameter formal deformation of {A,*, a). Suppose that gt = 
Go + '^i>n GiP. Then 

^hom^n = Gi Oq, G„_i -|- G 2 Oq G„_2 + ' ' ' + G„_i 0„ Gi = 0, 
that is, Gn G Z^{A,A) = Bl,{A,A). It follows that there exists /„ E Gl^{A.,A) such that 

— ^homfn- 

Let (ft = idA - friG : {A[[t]\, gf a) —)■ {A[[f\], gt, a). Note that 

i>0 i>0 

Then (ft is a linear isomorphism. Moreover, (ft o a = a o (ft. 

Now consider g[{x,y) = (fAgt{(ft{x),(ft{y)). It is straightforward to prove that g[ is 
a 1 -parameter formal deformation of {A, *, a) and gt ~ gf Suppose that g[ = Ei>o 
Then 


(idT - fntn 



G'i{x,y)f 


Go + 


i>n 


G,f 


{x - fn{xA,y- fn{y)G), 
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i.e., 


Y,G'{x,y)t' -Y,fnoG',{x,y)t‘+" 

i>0 i>0 

=x*y- (fn(x) *y + x* f„(y))f' + /„(i) » 

+ ^ G,(x, y)t - J^(G,(A(x),y) + G,(x, A(y)))t‘+‘' + G,(Ux), /„( 9 ))f‘+“. 

i>n i>n i>n 


Then we have G[ = ■ ■ ■ = G^_i = 0 and 

G'niX: y) - fnix * v) = -{fnix) *y + x* /n(|/)) + y). 

Hence G'^ = Gn — = 0 and g'^ = Gq + 'Yl,i>n+i induction, this procedure 

ends with gt ~ Go, i.e., (H, *, a) is analytically rigid. □ 
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